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Abstract 
Adhesives with functionally graded material properties are being considered for use in adhesively 
bonded joints to reduce the peel stress concentrations located near adherend discontinuities. Several 
practical concerns impede the actual use of such adhesives. These include increased manufacturing 
complications, alterations to the grading due to adhesive flow during manufacturing, and whether 
changing the loading conditions significantly impact the effectiveness of the grading. An analytical study 
is conducted to address these three concerns. An enhanced joint finite element, which uses an analytical 
formulation to obtain exact shape functions, is used to model the joint. Furthermore, proof of concept 
testing is conducted to show the potential advantages of functionally graded adhesives. In this study, 
grading is achieved by strategically placing glass beads within the adhesive layer at different densities 
along the joint.  
1.0 Introduction 
With the increasing demand for composites in lightweight aerospace structures, adhesively bonded 
joints are becoming increasingly attractive. Bolts and rivets cause stress concentrations and premature 
failure in composite materials, while adhesive bonds spread the load more evenly over the composite, 
facilitating a lighter overall structure. 
One major drawback of adhesively bonded joints is that the load path eccentricity causes the 
appearance of peel stress concentrations at the end of the adhesive layer. There has been a vast amount 
of research conducted in an attempt to reduce these stress concentrations, such as tapering the end of the 
adherend (Ref. 1), increasing thickness of the adhesive at the end (Ref. 2), fillets (Ref. 3), novel joint 
geometries (Ref. 4), and joint insertions (Ref. 5), to name a few. All of these methods involve local details 
of adherend geometry (except the adhesive fillets), which typically increases part complexity.  
Material grading occurs in nature at material interfaces to reduce stress concentrations (Ref. 6). 
Biological interfaces such as tendon to bone joints have been found to have graded material properties, 
which distributes the stress more evenly across the joint (Refs. 7 and 8). In this same spirit, material 
grading has been applied to adhesively bonded joints. Although grading the adherends has shown promise 
(Ref. 9), many more researchers have investigated grading the adhesive properties to reduce the peel 
stress concentration at the end of the adhesive. Some of the earliest grading of the adhesive was reported 
by Patrick (Ref. 10) and Raphael (Ref. 11), where grading was discretely achieved using two adhesive 
materials (i.e., bi-adhesive). Recently many other researchers have investigated the concept of grading 
using bi-adhesive joints with mixed results. Sancaktar and Kumar (Ref. 12) graded the adhesive by 
making rubber toughened regions near the stress concentrations, and found that the selectively toughened 
joints had the same strength as the fully toughened joints. Piresa et al. (Ref. 13) used two adhesives to 
bond aluminum, and found up to a 22 percent increase in joint strength. Fitton and Broughton (Ref. 14) 
bonded CFRP to steel, and found that it was crucial to optimize the amount of each adhesive and that 
some configurations did not benefit from grading. Da Silva and Lopes (Ref. 15) looked at the influence of 
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the ductility of adhesives on joint strength in a bi-adhesive joint. It was found that the mixed 
adhesive joints always out-performed the joints with only the most brittle adhesive. Kumar and Pandey 
(Ref. 16) more recently looked at modeling bi-adhesive single lap joints using 3D finite elements with 
nonlinear geometry and materials, and compared that with 2D finite element model. Valleé et al. (Ref. 17) 
compared stress reduction methods, including bi-adhesive joints and found that the adhesive stress was 
not linked to the strength of the joint for the configurations tested. This finding is not unexpected because 
the failure mode occurred in the adherend, not the adhesive.  
It appears that the first instance of grading the adhesive with a non-stepwise function was introduced 
by Kumar (Ref. 18). In that study, grading the adhesive in a tubular joint was investigated. The purely 
theoretical investigation first compared a continuous (non step-wise) functionally graded adhesive (FGA), 
where the modulus was graded using a quadratic function, with a step-wise graded equivalent for different 
overlap lengths and adhesive thicknesses. It was found that the continuous FGA reduced the shear and 
peel stresses in all cases. Second, four “arbitrarily chosen” functions were compared to show that the 
grading function can be manipulated to optimize joint performance. The current study aims to increase the 
understanding of both bi-adhesive and non-stepwise FGAs to make them a more viable, realistic, and 
advantageous choice for actual application in composite structures. 
Some potential drawbacks to FGAs have also been discussed in the literature. The first two were 
identified by Hart-Smith (Ref. 2), where he pointed out that: 1) small gains over just using the ductile 
adhesive alone may be inadequate when considering the production difficulties and 2) during 
manufacturing, there is the “inevitable tendency for the stiff adhesive to squeeze out and displace the 
ductile adhesive,” making it probable that the resulting joint will be worse-off than using the ductile 
adhesive alone. A third concern was raised by Aboudi et al. (Ref. 19) while investigating the response of 
metal matrix composites with tailored microstructures. They found that functionally grading the 
properties of a material may be detrimental when the loading is changed, such that the stress gradient in 
the material is reversed; this is a valid concern for practical situations where all loading cases cannot 
necessarily be predicted. 
The current study aims to address these practical concerns to show that FGAs are a viable means of 
decreasing the peel stress in an adhesively bonded joint. An analytical model is constructed and used to 
compare the stresses in a butt-end joint configuration with four different functions of modulus graded 
adhesive: constant (single adhesive), discrete (bi-adhesive), linear, and exponential. First, the potential 
gains in stress reduction for FGA joints over joints with a single adhesive are shown. Along these lines, it 
is shown that additional stress reductions can be achieved by lowering the modulus of the more compliant 
adhesive. Since it is likely that step-wise grading will appeal from a manufacturing perspective, stress 
reduction of a step-wise graded adhesive with many steps is investigated (with single or bi-adhesive being 
a special case). Second, the study addresses the issue of adhesive flow during bonding by showing how 
sensitive the optimum for the three FGAs is to perturbation of the grading. Third, multiple load scenarios 
will be examined to address the concern of changing loading conditions. Results indicate that the stress 
magnitude gradient in the adhesive remains unchanged under different loading conditions, thus making 
joints a perfect application for material grading. It will be shown that the adhesive peel stress magnitude 
gradient remains the same for varied loading conditions, but also for different joint types. Additionally, 
the sensitivity of the optimum for the four grading functions to different loading cases will be investigated 
to show that the grading can still be optimal under different loading conditions. Addressing these three 
concerns will provide significant impetus for the use of FGAs in industrial applications. 
The model used to obtain the adhesive stress for different FGAs is a structural finite element made 
specifically for adhesively bonded joints. Motivated by the desire to create a computationally efficient 
tool for designing joints within a coarse, vehicle scale finite element model (Ref. 20), the joint element 
combines an analytical formulation with a finite element. This concept has been often referred to as the 
exact stiffness matrix method, and has been previously applied to the beam on an elastic foundation 
problem (Refs. 21 and 22). The joint element is capable of capturing the stresses in a mesh-independent, 
efficient manner. Such an efficient method is pivotal to the current study, allowing the analysis of over 
20,000 different joints for optimization and parametric studies on a desktop computer in a fraction of a 
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second per joint. The formulation adopted here is altered from past formulations (Ref. 23) to account for a 
graded adhesive modulus and is presented below. A linear elastic material model is used for several 
reasons, simplicity being the most prominent. Also, since a controlled method and material system for 
manufacturing FGAs has not yet been identified, failure of the joint and post-failure response is not 
addressed. Finally, it should be noted that after initial departure from material linearity (due to damage or 
plasticity) and before crack formation, the adhesive modulus is effectively a continuous function across 
the joint, which causes more load to be transferred to the inner regions of the joint. However, the main 
idea of a FGA is that this effect can be achieved without taking on irrecoverable damage. Since the 
benefit of FGAs can be realized without material damage, this study will be limited to the linearly elastic 
regime of the adhesive. Geometric nonlinearity is also ignored for simplicity and because it is not 
expected to have a large effect on a stress comparison study between adhesive systems.  
The analytical findings are complemented with an experimental “proof of concept” testing to 
illustrate the benefits of FGAs. The adhesive was graded by adding different volume percentages of glass 
beads, although no precise method was used to control the grading except the eye and hand of the person 
preparing the specimens. By showing that a joint can benefit from grading in such a rudimentary manner, 
the potential for more drastic gains through controlled and precise grading can be argued for. 
2.0 Method 
2.1 Formulation 
An adhesively bonded joint finite element was used to assess the performance of FGA joints. This 
joint finite element uses an analytical formulation to get the exact stiffness matrix for N number of 
adherends held together by N-1 adhesive layers. The adhesives and adherends were assumed to be linearly 
elastic, but not necessarily isotropic. The adherends were modeled as wide plates under cylindrical 
bending, using Euler-Bernoulli beam theory and Classical Lamination Theory (CLT). The adhesive 
response is captured through a continuous bed of shear and normal springs. This assumption ignores the 
traction free boundary condition which is present for an adhesive modeled as a continuum. However, 
most joints in application have some sort of adhesive spew coming out of the joint, which makes the 
imposition of a traction free boundary condition unrealistic. The material and geometric parameters are 
shown in Figure 1. The subscript i refers to adherend i, and ai refers to adhesive layer i. The width of the 
joint in the y-direction is b.  
 
 
 
 
 
Figure 1.—Geometric and material parameters for overlap 
region of an adhesively bonded joint. 
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2.1.1 Governing Equations 
The strain energy of the joint, Ujoint, is written as: 
 
1
1 1
joint 2 2
1 1 1
( )
i
j i i i i
ai i
MN N
j
i a a a aiV V
i j i
U dV dV
−
= = =
= σ ε + σ ε + τ γ∑∑ ∑∫ ∫  (1) 
Where jiσ  is the axial stress in the j
th layer of the ith adherend, and iε  represents the axial strain in 
adherend i in the x–direction. 
iaσ  and iaε  are the normal stress/strain in the i
th adhesive in the z-direction, 
iaτ  and iaγ  represent the shear stress/strain in the i
th adhesive on the xz-plane, and all integrals are taken 
over the volume, jiV  or iaV of adherend i, layer j or adhesive i respectively. Using CLT, the stress can be 
written in terms of the strain and the 1,1 component of the transformed lamina compliance matrix, 
j
Q : 
 11
j j
ii Qσ = ε  (2) 
and the strain can be written in terms of the adherend centerline displacements of adherend i, ui and wi: 
 , ,i i x i xxu zwε = − . (3) 
It is assumed that the displacements in the adhesive layers vary linearly in the z-direction and that the 
adhesive and adherends are perfectly bonded at the interface. The normal and shear stress in adhesive ai 
can be written in terms of the adherend displacement above and below the adhesive layer:  
 ( )1
2 2
1
1
t ti iia i iz z
i
w w ++=− =ε = −η
 (4a) 
and 
 ( )1
2 2
1
1
t ti iia i iz z
i
u u ++=− =γ = −η
 (4b) 
and the corresponding stresses are: 
 ( )
i i ia a aE xσ = ε  (5a) 
and 
 ( )
i i ia a aG xτ = γ . (5b) 
Using the principle of stationarity of potential energy, 2N fully coupled governing equilibrium 
differential equations are obtained from the energy expression in Equation (1). Of the 2N governing 
equations, N equations correspond to the axial equilibrium, while N equations correspond to the 
transverse equilibrium. The axial displacement equilibrium equations contain second order derivatives, 
while the transverse displacement equations have fourth order derivatives. The order of these equations 
can be reduced and assembled into a system of first order non-constant coefficient homogeneous ordinary 
differential equations of the form: 
 , ( )x x=u A u  (6) 
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where 
 1
TT T T
i N=   u u u u   (7a) 
and 
 , , , ,
T
i i i x i i x i xx i xxxu u w w w w=   u . (7b) 
2.1.2 Method of Constant Segments for Solving Linear, Homogeneous, Non-Constant Coefficient 
System of Ordinary Differential Equations  
In order to solve the system of equations found in Equation (6), a semi-numerical method of solution 
was adopted. Traditional differential equation solving techniques employing numerical boundary 
conditions could not be employed because the boundaries (nodes) contain unknown, symbolic conditions. 
Therefore, the domain was split into segments in which the coefficient matrix, A(x), is considered 
constant and solved using the matrix exponential. First, consider segment n+1, with a local x-direction 
coordinate system x’ which originates at the left side of the segment, x=xn (Figure 2). The other end of the 
segment is at x’=Δx and x=xn+1.  
It is assumed that Δx is significantly small so that A(x), can be considered constant within each such 
segment. The linearized coefficient matrix An+1, is taken to be the coefficient matrix evaluated at the 
midpoint of the segment: 
 ( )1 2xn nx ∆+ = +A A  (8) 
Within segment n+1, the system can now be expressed as a system of ordinary constant coefficient 
differential equations in the local coordinate system, x’, of the form: 
 , ' 1x n+=u A u .  (9) 
 
 
Figure 2.—Method of linear segments involves breaking up a function into 
small segments and assuming the function is constant within the segment. 
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Inspecting the matrix An+1 can be helpful in determining the nature of the solution and determining the 
solution method. There are 6N eigenvalues of An+1: N real eigenvalues, 2N complex eigenvalues, and 3N 
repeating eigenvalues. Therefore, the solution is made up of N exponential terms, 2N exponential terms 
multiplied by a sine or cosine, and the 3N repeating eigenvalues correspond to a third order polynomial 
found in a standard beam solution. Such a complex solution shows that merely employing standard beam 
shape functions to the joint problem would be inadequate in capturing the nature of the complete solution. 
The solution of the system in Equation (8) can be written in terms of the matrix exponential, 1 'n x+Ae , and a 
vector of unknown constants, Cn+1, as 
 1 ' 1( ') n x nx + += Au e C . (10) 
The matrix exponential can be expressed as the infinite series (Ref. 24)  
 1 '
0 !
n
k
x k
k
x
k
+
∞
=
=∑Ae A . (11) 
To get faster convergence, a method of scaling and squaring (Ref. 25) is employed, and the series is 
calculated up to a value of k which yields an acceptable error, ε. The error can be defined many ways, but 
the current study defined the error as the difference between the 1-norms of 1 'n x+Ae  for k–1 and k. The 
value of the acceptable error was set at 0.0001ε = . 
In the local coordinate system, the solution un at x’=0 can be expressed as 
 10 1 1nn n n+ + += =Au e C C  (12) 
and the solution, un+1, at the end of the segment (x’=Δx) can be written in terms of the solution at the 
beginning of the segment, 
 11 n xn n+ ∆+ = Au e u , (13) 
to eliminate the vector of constants, Cn+1. Similarly, the solution at the end of the previous segment can be 
expressed as  
 1n xn n∆ −= Au e u  (14) 
and so on, down to the first segment, which has the solution: 
 00 0x∆= Au e C . (15) 
Therefore, the solution at any segment, n+1, can be expressed in terms of the vector of constants from the 
first segment, C0, by the equation: 
 1( )1 0nx xn ++ = Au e C . (16) 
where 
 1
1
( )
0
n m
n
x x x
m
+
+
∆
=
=∏A Ae e . (17) 
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Figure 3.—A comparison of solutions to the homogeneous, linear, non-constant coefficient differential equation 
= −3, ( sin4 )xxy x e x y  with initial conditions =(0) 1y  and =, (0) 0xy  (a) using the method of constant segments with 
two, four, and six segments and (b) the relative error as a function of the number of segments used. 
 
 
 
Figure 4.—Boundary conditions for adherend i: prescribed 
nodal displacements and rotations at x=0 and x=l. 
 
 
To demonstate this method, Figure 3 shows a convergence study for the differential equation 
2
, ( sin 4 )xxy x e x y= −  with initial conditions (0) 1y =  and , (0) 0xy = . It can be seen that the percent error 
between the method of constant segments and the solution found using a 4th order Runga-Kutta (Ref. 26) 
solver with a step size of 0.001 diminishes with the number of segments. For the current study, 200 
segments were used in each element.  
2.1.3 Stiffness Matrix 
The next step is to solve for the vector of constants, C0, using the boundary conditions. This is where 
the analytical formulation is discretized and the displacements are obtained in terms of the nodal 
displacements as defined in Figure 4. For adherend i, the boundary conditions on the left side of the joint 
(x=0) can be expressed in the following equation: 
 0 (0)i c i=q b u  (18) 
where ui(0) is ui evaluated at x=0, qi0 is a vector containing the prescribed nodal degrees of freedom of 
adherend i at x=0, and 
 
1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
c
 
 =  
  
b  (19) 
Equation (18) for all N adherends can be assembled together, and a relation between the nodal degrees of 
freedom at x=0 and the vector of constants can be found using Equation (16): 
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 ( )00 0xN= Aq B e C  (20) 
where 
 0 10 0 0
TT T T
i N=   q q q q   (21) 
and 
 
c
N
c
 
 =  
  
b
B
b
  (22) 
where the subscript N denotes the number of matrices on the diagonal. After performing the same 
operations at x=l, all of the boundary conditions can be combined in the form 
 00
l
 
= = 
 
q
zC q
q
 (23) 
where 
 
( )0
2 ( )
x
N x l
 
=  
 
A
A
e
z B
e
. (24) 
Using this relation, one can obtain an expression for the vector of unknown constants: 
 10 −=C z q . (25) 
This relation can be inserted into Equation (16) to get the adherend centerline displacements in terms of 
the nodal degrees of freedom, 
 =u Nq , (26) 
where the exact shape functions, N are defined as: 
 ( ) 1x x −= AN e z . (27) 
Next, Equation (1) is rewritten in terms of the centerline displacements using Equations (2-5) and put into 
matrix form: 
 joint 0
l
TU dx= ∫ u Uu . (28) 
Inserting Equation (26) into Equation (28) and minimizing the energy yields the exact stiffness matrix of 
the joint  
 joint 0
l
T dx= ∫k N UN . (29) 
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Figure 5.—The building block approach facilitates modeling complex joints with simple joint 
element building blocks. 
 
This formulation gives the exact stiffness matrix for a simple region of constant thickness adherend 
overlap. However, many joints in application contain complicated geometries, including ply steps and 
tapers. To use the simple joint element for efficient modeling of complex joints, a building block 
approach was implemented. This approach involves combining simple, constant-thickness joint sections 
to create complicated joints with very few elements. This concept is illustrated in Figure 5, where single, 
double and triple adherend joint building blocks are combined to make complicated joints such as a PI 
joint, tapered single lap joint, and spliced sandwich joint. 
Adherends joined together at the adherend centerlines are related to each other with the equation 
 iL iRq q= , 1..3i =  (30) 
where the subscript L is for the adherend on the left, R is for the adherend on the right, and the numerical 
subscripts 1, 2, and 3 refer to axial, transverse, and rotational degrees of freedom respectively. To model a 
ply step or taper, the transverse and rotational degrees of freedom are equal, but the axial degree of 
freedom of the left adherend is related to that of the right adherend through the following equation:  
 1 1 offset 3L R Rq q t q= −  (31) 
where offsett is the vertical (z-direction) offset distance between the two nodes. 
3.0 Results and Discussion 
3.1 Baseline Configuration 
To assess the performance of functionally graded adhesives (FGAs), a baseline joint configuration 
was identified based on the configuration in the proof of concept testing (Section 3.5). A single strap joint 
(or butt end joint) was chosen because of its ease of manufacturing, symmetry, and single dominant stress 
concentration in the middle of the joint. The geometric and material properties are defined in Figure 6(a), 
and the finite element representation is shown in Figure 6(b). Only half of the joint was modeled due to 
symmetry, and the overlap section was modeled by one or several joint elements (depending on the 
number of discrete regions of continuous adhesive modulus) while the non-joint adherend section is 
modeled with one beam element. The loaded end is constrained from rotation and vertical translation, 
while the symmetric face of the doubler is constrained from horizontal translation and rotation.  
Beam
Single Lap
Double Lap
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Figure 6.—Single strap joint (a) geometric and material parameters and (b) joint finite element representation 
assuming symmetry. 
 
 
 
The values of the material and geometric parameters used for the analytical modeling are found in 
Table 1, and were based on the proof of concept test specimens discussed in the next section. The FGAs 
were compared with two different single adhesive systems (Figure 7(a)). These two adhesives provided 
upper and lower bounds for the grading functions, and will be referred to as Eu and El, respectively. The 
grading functions chosen for investigation included a step (bi-adhesive), linear, and exponential function. 
These functions were reduced to a single grading variable, l, as defined in Figure 7(b), (c), and (d). For 
the step function, l is the length of the more compliant adhesive. For the linear function adhesive, l is the 
length of the section in which the modulus decays linearly, and for the exponential function it is the 
length of adhesive which has a modulus less than 99 percent of Eu. Although these may not be the optimal 
grading functions, these functions were chosen because of their ability to be reduced to one variable, 
allowing for simple and clear sensitivity studies. It was assumed that regardless the grading, the 
relationship between the Young’s modulus and shear modulus remained constant or, in other words, that 
the Poisson’s ratio remained constant. A similar assumption was made by Apetre et al. (Ref. 27) for 
functionally graded sandwich beam cores.  
 
TABLE 1.—PARAMETERS OF THE BASELINE SINGLE STRAP JOINT 
CONFIGURATION USED FOR THE THEORETICAL STUDY 
P 
(kN) 
la 
(mm) 
lo 
(mm) 
t 
(mm) 
b 
(mm) 
η 
(mm) 
E 
(GPa) 
Eu 
(GPa) 
El 
(GPa) 
ν 
 
τnet 
(MPa) 
4000 82.6 38.1 1.1 25.4 0.4 108.5 2.5 1. 0.34 8.3 
 
 
Most stress values reported in the theoretical study were normalized by the net shear stress, τnet, 
defined by: 
 net
o
P
l b
τ =  (32) 
P
lo
la
b
tη
P
(a)
(b)
E
Ga, Ea
x
z
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Figure 7.—Single strap joints with (a) constant modulus adhesives were compared with joints  
with functionally graded adhesives, including (b) step-wise graded, (c) linearly graded, and 
(d) exponentially graded.  
3.2 Stress Comparison 
The first goal of this study was to address the concern that functionally graded adhesives (FGAs) are 
not worth the increase in manufacturing difficulty. This section addresses this concern by showing the 
potential adhesive peel stress reduction due to FGAs over single adhesive joints. This will be shown for 
the three functions defined previously (Figure 7). Next, the result of changing the lower bound modulus, 
El, will show how further stress reductions can be achieved. Finally, since stepped adhesives will most 
likely be the easiest FGAs to manufacture, the effect of increasing the number of steps and spacing 
optimization will be investigated. All optimization was carried out using a genetic algorithm.  
The grading parameter, l, was optimized to reduce the maximum peel stress in the adhesive for the 
three FGAs, and the resulting moduli are plotted in Figure 8(a). As shown, the region of gradation is very 
small, about 2 percent of the overlap length for the step and linear function adhesives, and around 
5 percent for the exponential. The peel stress in the adhesive for half of the symmetric joint is plotted in 
Figure 8(b) for each adhesive. The single adhesive joints are in blue, and the FGAs are in black. The step 
FGA has two stress peaks; one at the end of the adhesive and one at the interface between the two 
adhesives. The linear and exponential FGAs have a rounded stress peak, and appear to result in very 
similar stress distributions.  
The maximum stress in the adherend, doubler, and adhesive for the single adhesive joints and the 
optimized FGA joints is found in Figure 9. All stress values are normalized by the maximum stress found 
in the stiffer single adhesive for viewing all stress components in the same plot. The stress reported for 
the adherend and the doubler is the normal stress in the x-direction, and the maximum value of the stress 
is found at the upper and lower surfaces of the adherend and doubler, respectively. With composite 
laminate adherends, the most important stress in the adherend is usually the peel stress (z-direction) 
between the plies because this is where failure often initiates. However, the current configuration contains 
only one ply, so this stress cannot be captured.  
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Figure 8.—Optimized configurations for the single strap joints for different functions of graded adhesive compared: (a) 
modulus across the adhesive and (b) centerline peel stress across the adhesive. 
 
 
Some important aspects of using FGAs are illustrated in Figure 9. First, the FGAs in this study 
outperformed the stiffer single adhesive joint, El. Adhesive stresses were considerably lower and 
adherend and doubler stresses were not significantly impacted. This is important because the more 
compliant single adhesive joint had lower adhesive stresses, but higher adherend stress. The FGAs were 
able to lower the adhesive stress without affecting the adherend stress. Second, when compared with the 
El adhesive, the FGAs reduced the adhesive peel stress but did not necessarily reduce the shear stress. It 
will be shown later that the optimum value of the grading variable l is not the same for minimizing peel as 
it is for minimizing shear stress. Therefore, the relative levels of peel and shear must be considered when 
designing FGAs so that the dominant stress can be minimized. However, typical adhesives are more 
ductile under shear loading, so peel stresses will normally be the minimized variable. 
In order to further reduce the maximum adhesive peel stress, the lower bound modulus can be 
decreased. The affect of changing the lower bound modulus on the maximum joint stresses is shown in 
Figure 10 for the linear FGA only (Figure 7(c)). For each value of El, the grading parameter l has been 
selected to produce for the smallest maximum peel stress. By grading the adhesive from a very low 
modulus to a higher one, the peel stress can be lowered significantly, with peel stress reductions in this 
case of up to 90 percent. At the same time, the shear stress is also significantly lowered. For low lower 
bound modulus values, the maximum adherend and doubler stresses are also impacted. The maximum 
adherend stress increases with decreasing El, while the maximum doubler stress decreases slightly. While 
it may appear that the adherend stress is raised considerably while the doubler is only slightly decreased,  
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Figure 9.—Comparison of the maximum stresses in the joints with 
different adhesives, where all maximum stress values are normalized by 
the maximum stress value found in the stiffer constant modulus (single 
adhesive) joint, and adherend and doubler stresses refer to those in the 
x-direction. 
 
 
 
 
Figure 10.—The maximum stresses in joints with linear FGAs and 
different lower bound modulus, El, where all maximum stress 
values are normalized by the maximum stress value found in the 
stiffer constant modulus (single adhesive) joint, and adherend 
and doubler stresses refer to those in the x-direction. 
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Figure 11.—Increasing the number of adhesives used for a discretely graded adhesive and optimizing the adhesive 
spacing lowers the maximum adhesive peel stress; (a) stress versus number of adhesives, and (b) modulus at the 
end of the adhesive for 20 steps compared with the other functions. 
 
it should be kept in mind that these values are normalized by the stresses found in the stiffer single 
adhesive system. The maximum doubler stress is around three times higher than the maximum adherend 
stress, so the stress is being taken from the highly loaded doubler to the less loaded adherend, which is 
advantageous when they are all made of the same material as in this case.  
Since it is likely that grading of adhesives will be accomplished using a step function with different 
adhesives for each step, the effect of the number of steps used on the adhesive peel stress was plotted in 
Figure 11(a). For each point, it was assumed that the moduli of the steps are equispaced between El and 
Eu. The length of each step was optimized using a genetic optimization routine to reduce the peel stress. 
Using more steps led to a lower maximum peel stress, eventually even lower than the linear and 
exponential functions. The optimized modulus for 20 steps is shown in Figure 11(b), along with the 
optimal linear and exponential moduli. This sheds a little light on a better grading function, consisting of 
a constant modulus region followed by an exponentially higher order declining region. 
This section has shown that there are significant stress reductions possible by using FGAs. Unlike 
simply using a lower modulus adhesive, FGAs do not have a significant effect on adherend and doubler 
stresses. Furthermore, lowering the lower bound modulus leads to even greater stress reductions. These 
stress reductions are even possible using stepped modulus adhesives, although the length of each step 
needs to be optimized.  
3.3 Sensitivity Study 
The second goal of this study was to address the concern that during manufacturing, the adhesive is 
pressurized and heated, often causing the adhesive to flow and even squeeze out of the joint. If a 
functionally graded adhesive (FGA) is specifically designed for a certain joint, this could either change 
the shape of the grading, the lower bound modulus, or both. This could result in an FGA which has higher 
stress than using the more compliant adhesive alone. This section seeks to address this concern by 
presenting a grading sensitivity study. For the purposes of this study, sensitivity will refer to the 
narrowness of the range of l values which results in lower maximum stresses than those obtained using 
the lower bound adhesive, El. First, the effects of changing the grading parameter l on the maximum 
adhesive stress are quantified (Figure 12), followed by an investigation into changing the lower bound 
modulus El and l (Figure 13). Through this study, insight is gained into the sensitivity of the grading and 
which functions are more tolerant to changes in the grading. 
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Figure 12.—Observing the maximum adhesive (a) peel and 
(b) shear stress as a function of l as defined in Figure 7 shows 
how sensitive the maximum stress is to the shape of the grading. 
 
 
 
The effects of changing the grading parameter l on the maximum adhesive peel and shear stresses for 
the three FGAs are found in Figure 12(a) and (b), respectively. For all three FGAs, the maximum shear 
stress is less sensitive to the grading parameter than the peel stress. Also, the optimum value of l is always 
greater for minimizing the shear stress than the peel stress. This is most likely because the peel stress peak 
is much more concentrated than the shear stress peak, so a steeper gradation is needed to minimize the 
peak. Also, if l becomes too short, the stress goes above the stress which would be found in a joint with 
just the more compliant adhesive. Unfortunately, with the addition of pressure, a decreasing l is more 
likely. The step function adhesive was the most sensitive: only a very small range of values of l results in 
lower stresses than just using the more compliant adhesive, El. The linear function adhesive was not as 
sensitive, and it converges to a stress less than that of El when l is large. Finally, the exponential function 
adhesive had a broad range of l values resulting in low maximum stress, making it the most tolerant to 
changing the grading parameter. 
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When the joint is being manufactured, the adhesive is heated and pressure is applied. The most likely 
result will be that the adhesive will spew out and the modulus of the adhesive at where the adherend ends 
will be greater. At the same time, the grading parameter l may also change. Therefore, it is important to 
know how sensitive the stress is to increasing the modulus and how that affects the grading parameter 
sensitivity. Based on Figure 13, the sensitivity of the maximum adhesive stress for all three FGAs to l 
increases with increasing lower bound modulus El. Additionally, the optimum grading parameter l 
decreases as the lower bound modulus increases. Therefore, it is recommended that while using FGAs in 
joints, one should either figure out how much flow will occur and plan accordingly, or use a grading 
system which will not move when adhesive flows. An example of such a system is the glass beads used 
for the proof of concept testing which will be described in Section 3.5. Since beads are used for thickness 
control also, applying pressure causes the beads to be clamped between the adherend and doubler and 
unable to move. Such a system of grading is independent of adhesive flow.  
3.4 Effect of Loading 
The third goal of this study was to show the effect of changing the loading conditions when using 
FGAs in joints. In many applications of functionally graded materials, a change in loading can lessen or 
even reverse the stress gradient, rendering the material grading useless or even detrimental. To show that 
this is not the case with adhesively bonded joints, six different loading scenarios and their respective 
adhesive peel stress distributions are shown in Figure 14. The boundary conditions were altered from that 
of the baseline configuration (Figure 6) to facilitate an end moment and shear force. The end of the 
doubler was clamped, with no other constraints. The peel stress in the adhesive layer for a tensile and 
compressive axial load, positive and negative moment, and up and down vertical shear force is shown in 
Figure 14(b), (d), and (f), respectively, while the loading, deformed configuration, and boundary 
conditions are shown in Figure 14(a), (c), and (e). For all of these loading cases, the gradient of stress 
goes from high stress (tensile or compressive) at the ends to low stress in the middle. Therefore, 
functionally grading the adhesive in the manner prescribed will always be beneficial under mechanical 
loading; thermal loading conditions will be addressed in a future publication. To simplify the parametric 
studies, the FGAs investigated were only designed to minimize the stress concentration in the middle of 
the joint (x/lo=0.5) because this was the dominant stress concentration in the baseline configuration. 
However, Figure 14d and f shows that changing the loading can cause both ends to be highly stressed. 
Therefore, it is highly recommended that the grading be applied to every area of a joint where there will 
be a stress concentration; i.e. at the ends of the adherends and doubler. Applying grading to all ends of the 
joint will ensure that the FGA will still be optimal regardless of loading conditions. 
Although Figure 14 does not explore all possible loading conditions, it is believed that these represent 
a large and varied enough sample to draw general conclusions. Different loading conditions away from 
the actual joint overlap region can always be resolved into a shear load, axial load, and moment near the 
joint overlap as has been done for many classical analytical formulations (Ref. 28). Therefore, changing 
the loading at the end of the adherend results in merely changing the relative magnitudes of the load 
components near the joint overlap region.  
To study the effect of changing the loading on the optimal grading shape and grading sensitivity, the 
normalized maximum normal (Figure 15(a) and (c)) and shear (Figure 15(b) and (d)) stress in the 
adhesive for joints with the linear FGA with different grading shapes was plotted. Figure 15(a) and (b) 
show the effect of different ratios of an end vertical shear force to axial force, and Figure 15(c) and (d) 
show the effect of different ratios of end moment to axial force. The loading was chosen so that the 
maximum stress in the adhesive remained at x/lo=0.5. As can be seen, the loading investigated here did 
not affect either the optimum grading or the sensitivity of the grading shape. Therefore, it can be 
concluded that the same grading would be beneficial for multiple loading scenarios. 
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Figure 13.—The sensitivity of the maximum adhesive peel and shear stress to decreasing the lower bound modulus, 
El, for the discrete (a and b), linear (c and d), and exponential (e and f) FGAs. 
  
In addition to varying the loading scheme, the joint type was also altered to show that the adhesive 
peel stress magnitude gradient always goes from high stress near the adherend or doubler discontinuities 
to low stress elsewhere. The normalized adhesive peel stress for a single lap joint, bonded doubler, and 
double strap joint for different loadings is shown in Figure 16(a), (b), and (c), respectively. This figure not 
only shows that the adherend peel stress magnitude gradient remains in the same direction for different 
joint types, but also suggests that the normalized stress gradient is very similar to that of the single strap 
joint. It might be the case that the same adhesive gradient could be utilized for not only different loading 
conditions, but different joint types. If it was the case that one grading type was beneficial for many 
different joint types and geometries, graded adhesives could be mass produced for general application 
rather than custom designed for each individual joint type and geometry. 
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Figure 14.—For different loading scenarios at the end of the joint ( (a) axial load, (c) moment, and (e) vertical load) 
the stress gradients of the adhesive peel stress ((b), (d), and (f)) remains the same direction; high at the ends and 
low in the middle.  
 
 
Figure 15.—Maximum peel and shear adhesive stress and its sensitivity to grading parameter, l, for different amounts 
of end moment ((a) and (b)) and end shear force ((c) and (d)) for joints with a linear FGA. 
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Figure 16.—For different loading scenarios for a (a) single lap joint, (b) bonded doubler, and (c) double strap joint, the 
stress gradients of the adhesive peel stress (b, d, and f) remains the same direction; high at the ends and low in the 
middle. 
 
 
3.5 Proof of Concept Testing 
To illustrate the potential gains of FGAs, proof of concept testing was performed on single strap 
joints (the baseline case). The adherends and doubler consisted of a single ply of 0/±45 triaxially braided 
composites, with the axial tows consisting of around 80,000 fibers, biased tows with 12,000 fibers, a fiber 
volume fraction of 52 percent, and matrix of Epon 862 epoxy resin (Ref. 29). The axial 0° direction was 
aligned with the global x-direction as defined in Figure 6. The adhesive used was AF 163-2k (Ref. 30) 
and the bond line was two layers thick in order for glass beads, normally used for thickness control, to be 
inserted in between (Figure 17).  
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Figure 17.—Diagram of single strap joint with placed glass beads to test functionally graded 
adhesive concept. 
 
 
Figure 18.—Photographs of the adhesive layer before placement of the doubler for the single strap joint with (a) no 
beads, (b) uniform beads, and (c) graded beads. 
 
All specimens were manufactured together as a plate, with individual specimens cut out of the plate 
by means of a wet saw with a diamond-coated blade. The adherends and doubler were pre-infiltrated and 
cured prior to bonding. After bonding, the adhesive was cured in a heated press at 177° C under 0.43 MPa 
for 120 min, and specimens were not handled for 24 hr. The average dimensions of the specimens along 
with the standard deviation are shown in Table 2. The specimens were placed in grips and pulled in 
tension under displacement control at a rate of 0.005 mm/s. Load and displacement data was recorded, 
and the joint strength was defined as the maximum load held by the joint. 
 
TABLE 2.—GEOMETRIC PARAMETERS FOR 
PROOF OF CONCEPT TESTING 
la  
(mm) 
lo  
(mm) 
t  
(mm) 
b  
(mm) 
η  
(mm) 
68.76±0.38 37.49±0.25 1.08 ±0.02 22.73±0.17 0.42±0.03 
 
The grading was accomplished by means of inserting glass beads between the adhesive layers to 
change the properties of the adhesive. Bead placement was done purely by hand, and a photograph of the 
adhesive prior to doubler bonding of a representative specimen for each adhesive system is shown in 
Figure 18. Two specimens were made with no beads in the adhesive, two with a high density of beads 
uniformly spread throughout the adhesive region, and three with beads placed strategically by hand. Care 
was taken to ensure that the location of the stress concentration, where the two adherends meet, was 
devoid of beads with a gradual increase in beads going out from the center.  
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Figure 19.—Single strap joint test: (a) photograph of typical specimen prior to failure and (b) joint strengths of the 
specimens tested with different adhesive systems. 
 
 
 
An image of a single strap joint prior to complete joint separation is shown in Figure 19(a). The 
resulting strengths of the joints tested are plotted in Figure 19(b). Each bar represents a specimen; with 
two specimens with no beads, two with a uniform distribution of beads, and three specimens with graded 
beads in the adhesive. The specimens with no beads performed the worst, with an average strength of 
3.18 kN. The uniform beaded joints had an average strength of 4.29 kN, and the graded bead specimens 
had an average strength of 5.43 kN, 26.5 percent higher than the uniform beads. 
A few words should be said about the effects of FGAs and failure modes. As was shown earlier in 
Figure 9, grading the adhesive has little or no effect on the adherends for the configuration studied. 
Therefore, a difference in strengths was only manifested when the failure occurred in the adhesive, not in 
the adherend or doubler.  
For these specimens, an improvement existed using FGAs because the failures consisted mostly of 
cohesive failure with a few areas of adhesive failure (Figure 20). Another round of testing was performed 
with the same type of specimens cured at a lower temperature. These specimens all failed in the adherend, 
and there was no statistical difference in strengths between graded and non graded specimens. Therefore, 
it should be noted that grading the adhesive can improve joint strength when failure occurs in or around 
the adhesive, and may even drive a joint to fail in the adherend when ungraded specimens fail in the 
adhesive, but FGAs most likely will not have a significant effect when failure already occurs in the 
adherends without grading. 
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Figure 20.—Post mortem photographs of the failed adhesive layer for the single strap joints with 
(a) no beads, (b) uniform beads, and (c) graded beads. 
4.0 Concluding Remarks 
The peel stress concentration found in adhesively bonded joints can be reduced by grading the 
modulus of the adhesive material. More recently, grading of the joints in a continuous manner has become 
of interest. However, the actual use of such joints has been limited because of a few concerns which this 
study has addressed. These concerns were addressed by comparing the stresses in single adhesive, bi-
adhesive, linear, and exponential functionally graded adhesives (FGAs) using an analytical model. This 
unique model allows efficient analysis of adhesively bonded joints in the context of a finite element 
framework. The efficiency of the model facilitated vast parametric and optimization studies, while still 
having the ability to be placed within a larger, global structural-scale model.  
The first concern was that gains to be made using FGAs were not worth the added manufacturing 
complications. It was shown that for the single strap joint configuration investigated; FGAs could reduce 
the maximum peel stress in the adhesive by up to 17 percent over the more compliant single adhesive 
joint without having an adverse effect on the adherend stress. Since the optimum grading for shear stress 
was not the same as that for peel stress, there was a slight increase in shear stress when peel stress was 
minimized. However, all grading functions resulted in a significant reduction (> 45 percent) in peel stress 
over the stiffer single adhesive joint without adversely affecting the load carrying capability or the stress 
in the adherends. Furthermore, decreasing the lower bound modulus of the grading caused even more 
dramatic stress reductions. Finally, it was shown that peel stress reductions comparable to those of the 
continuous functions studied here could be reached using a stepped function with around five or more 
different modulus adhesives, which is probably easier to manufacture.  
The second concern about using FGAs was that the flow of adhesive during manufacturing would 
change the shape of the grading and cause the grading to be ineffective. Therefore, a sensitivity study was 
conducted on the three FGAs to see the effect of changing the shape of the grading (l) and the lower 
bound modulus (El) to reflect what might occur when adhesive is squeezed out of the joint. The maximum 
Doubler
Adherend
1 mm(a) (c)(b) 1 mm1 mm
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adhesive peel stress levels did increase for all FGAs when the lower bound modulus increased, but the 
exponential FGA proved to be quite tolerant to changes in grading shape. This could be the basis for a 
justification for using the more complicated exponential FGA over the bi-adhesive. Although the peel 
stress reductions were all very similar, the tolerability of the exponential grading to perturbation of 
grading shape which can occur due to adhesive flow might make it worth the extra complications. Also, it 
is recommended that care be taken to account for adhesive flow by adding more lower modulus adhesive 
at the end of the joint than is required, or using a grading system which does not change when adhesive 
flows.  
Third, functionally graded materials used in structures can become useless or detrimental when the 
loading conditions are changed. It was shown that changing the loading configuration does not change the 
stress magnitude gradient of the adhesive in the case of a single strap joint. Consequently, the optimum 
grading shape and sensitivity was shown to not be significantly impacted by changing the loading 
conditions. However, in the case of moment and shear loading, both ends of the joint are subjected to high 
peel stresses thus suggesting for generality that both ends be always graded. It was also shown that the 
stress magnitude gradient remains the same for other joint types; high stress at the adherend 
discontinuities with low stress elsewhere; thus suggesting the possibility of using the same adhesive 
grading for a myriad of joint configurations.  
Additionally, proof of concept testing was conducted to show the potential of joints with FGAs. 
Grading was done by strategically placing glass beads to change the stiffness of the adhesive along the 
joint. The results indicated that these graded joints held over 26.5 percent more load than specimens with 
no beads or uniformly distributed beads. Additionally, it was discovered that grading did not result in an 
increase in strength when the failure without grading occurred in the adherend.  
Through theoretical and experimental means, this study has shown the practical benefits of and offered 
some guidelines on how to effectively use and design joints with FGAs. FGAs have the potential to 
spread the stress more evenly across the adhesive without unrecoverable damage, making them another 
means of improving adhesively bonded joints. 
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